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Analysis and Control of Anaerobic Digestion Dynamic Models

Abstract
The anaerobic digestion process is highly nonlinear. This complexity arises from the interconnected, multi-stage biochemical 
reactions involving various microorganisms, influencing factors like pH, temperature, and substrate concentration. Understanding 
and controlling this nonlinearity is crucial for optimizing biogas production and wastewater treatment. Several factors must 
be considered, and multiple objectives must be met simultaneously.  Bifurcation analysis and multi-objective nonlinear 
model predictive control (MNLMPC) calculations are performed on two dynamic models involving anaerobic digestion. The 
MATLAB program MATCONT was used to perform the bifurcation analysis. The MNLMPC calculations were performed using 
the optimization language PYOMO in conjunction with the state-of-the-art global optimization solvers IPOPT and BARON. 
The bifurcation analysis revealed the existence of branch points in both models. The branch points   (which cause multiple 
steady-state solutions from a singular point)  are very beneficial because they enable the Multiobjective nonlinear model 
predictive control calculations to converge to the Utopia point ( the best possible solution) in the models.  It is proved (with 
computational validation) that the branch points were caused because of the existence of two distinct separable functions 
in one of the equations in each dynamic model. A theorem was developed to demonstrate this fact for any dynamic model.
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Background
Mailleret et al. investigated the robust regulation of anaerobic digestion processes. Mendez-Acosta et al.  developed a robust feedforward/
feedback control strategy for an anaerobic digester [1,2]. Shen et al. performed bifurcation and stability analysis of an anaerobic 
digestion model [3].  Rincon et al. researched the control of an anaerobic digester through the normal form of fold bifurcation [4].  
Sbarciog et. al. determined appropriate operating strategies for anaerobic digestion systems [5].  Benyahia et al. conducted bifurcation 
and stability analysis of a two-step model for monitoring anaerobic digestion processes [6]. Rincón et al. performed a dynamic analysis 
for an anaerobic digester involving stability and bifurcation branches [7].  Lara-Cisneros et al. performed a dynamic optimization 
of methane production in anaerobic digestion via an extremum-seeking control approach [8].  Simeonov I et al. modelled anaerobic 
digestion with the production of hydrogen and methane [9].  Borisov et al. modelled the anaerobic digestion with hydrogen and methane 
production [10]. Chorukova et al. modelled the anaerobic digestion in a two-stage system with the production of hydrogen and methane, 
and three intermediate products [11]. This work aims to perform bifurcation analysis and multiobjective nonlinear control (MNLMPC) 
studies in two models involving the anaerobic digestion process, which are discussed in Rincón et al. (model 1), and  Chorukova et al. 
(model 2) [7,11]. The paper is organized as follows. First, the model equations are presented, followed by a discussion of the numerical 
techniques involving bifurcation analysis and multiobjective nonlinear model predictive control (MNLMPC). The results are then 
presented, followed by the discussion and conclusions.

Anaerobic Digest Model Equations
The equations in the anaerobic digest  model 1 are [7]
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The parameter values are 1,max  =1.2;ks1=7.1; 0.5;  2,max  =0.74;ks2=9.28;ki=16, 
k1=10.53;k2=28.6;k3=1074, s1,in=6.5;s2,in=52. x1 represents the concentration of acidogenic biomass, x2 represents 
the concentration of methanogenic biomass, s1 represents the concentration of organic substrate characterized by its 
chemical oxygen demand, and s2  represents the concentration of volatile fatty acids (VFA). 1,max   2 ,max  are the 
Monod coefficients   is the proportion of biomass not attached to the reactor  ks1;ks2,ki, k1;k2;k3 are the 
saturation coefficients and , s1,in;s2,in are the inlet concentrations. The equations in the anaerobic digest  model 
2Chorukova et al. [11]  are  

The parameter values are 1,maxµ  =1.2;ks1=7.1; α = 0.5; 2,maxµ  =0.74;ks2=9.28;ki=16, k1=10.53;k2=28.6;k3=1074, s1,in=6.5;s2,in=52. 
x1 represents the concentration of acidogenic biomass, x2 represents the concentration of methanogenic biomass, s1 represents the 
concentration of organic substrate characterized by its chemical oxygen demand, and s2  represents the concentration of volatile fatty 
acids (VFA). 
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The parameter values are ks1=3.914; 1,max  =0.568; ,max 0.025;ac   ksac=0.8, ,max 0.05;pr     kspr=0.22; 

,max 0.05;but   ksbut=0.22;  =1;Yp=1;Y1=0.08;Ypr1=4.2;Ybut1=2.1;Yac1=1.1;S0in=40; 

Ypr2=1.5;Ybut2=1.5;Yac2=0.5.   
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s0 is the Cellulose concentration; s1 the cellobiose substrate concentration, x1 the acidogenic bacteria concentration, xpr  the propionate 
degrading bacteria concentration; xbut is the Butyrate degrading bacteria concentration and xac the  methanogenic bacteria concentration. 
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Bifurcation analysis  

Bifurcation analysis involves  multiple steady states and limit cycles.  Multiple steady states occur because of the 
existence of branch and limit points.  Hopf bifurcation points cause limit cycles.  The MATLAB software 
MATCONT, which is used to perform the bifurcation calculations in this work, locates limit points, branch points, 
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Figure 1b:   MNLMPC model 1 , s1  with noise and s1sg (with Savitzky Golay Filter)   vs t 
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Figure 1c:  MNLMPC model 1  , s2  with noise and s2sg (with Savitzky Golay Filter)   vs t 
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Figure 1f:   MNLMPC model 1 , d with noise and dsg (with Savitzky Golay Filter)   vs t 

 

 

 

Figure 2a: Bifurcation analysis for anaerobic model 2  (D1 is the bifurcation parameter) indicating the branch point 
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Figure 2c:    MNLMPC model 2  , x1, xac   vs t 
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Figure 2f:   MNLMPC model 2, xbut   vs t 
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Figure 2i: MNLMPC model 2 , d2 with noise and d2sg (with Savitzky Golay Filter)   vs t 

 

Results  

In the anaerobic digest model 1, the bifurcation analysis with D as the bifurcation parameter,  two  branch points 
were located at ( s1, s2, x1, x2, D) values of  (0; 0.083947; 2.5; 6.920378; 0.625) and  (0; 0; 2.5; 52; 1.071232). This 

is shown in Fig. 1a. For the   MNLMPC calculations, 
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zero (the Utopia solution).   The MNLMPC  control value (D)    was 0.5383. Figs 1b- 1f. show the various 
MNLMPC profiles.  The profiles of s1, s2, and D exhibited a lot of noise, which were remedied using the Savitzky-
Golay filter. Both the original and the modified profiles are shown together.  

In the anaerobic digest model 2, the bifurcation analysis with D1 as the bifurcation parameter,  a branch point was 
located at  (s0;s1;x1;pr1;but1;ac1;xpr; pr2;xbut;but2;xac;ac2, D1) values of ((29.999857; 0.000143;  0; 0; 0; 0; 0; 0; 
0; 0; 0; 0; 0.00002 ).  This is shown in Fig. 2a. In the anaerobic digest  model 2, the bifurcation analysis with D2 as 
the bifurcation parameter,  three branch points were  located at   (s0;s1;x1;pr1;but1;ac1;xpr; 
pr2;xbut;but2;xac;ac2,D1)  values of 
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( 2.650984; 2.127174; 2.817747; 0.670892; 1.341784; 2.561589; 0; 0.670892; 0; 1.341784; 0; 2.561589 0.042957 ). 
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problem will involve the minimization of subject to the equations governing Model 2. This led to a value of zero 
(the Utopia solution). The MNLMPC  control values of  D1 and D2 were  3728 and  0.13962.  Figures 2c- 2i. show 
the various MNLMPC profiles.  The profiles of s1, s2, and D2 exhibited a lot of noise, which was remedied using the 
Savitzky-Golay filter. Both the original and the modified profiles are shown together.  

 

 

Discussion 

Theorem  

Figure 2i: MNLMPC model 2, d2 with noise and d2sg (with Savitzky Golay Filter) vs t

Results 
In the anaerobic digest model 1, the bifurcation analysis with D as the bifurcation parameter,  two  branch points were located at 
( s1, s2, x1, x2, D) values of  (0; 0.083947; 2.5; 6.920378; 0.625) and  (0; 0; 2.5; 52; 1.071232). This is shown in Fig. 1a. For the 

MNLMPC calculations, 
0 0

1 2( ), ( )
i f i f

i i

t t t t

i i
t t

s t s t
= =

= =

∑ ∑  were minimized individually and led to values of 0 and 0. D was the control parameter.  

The multiobjective optimal control problem will involve the minimization of 
0 0

2 2
1 2( ( )) ( ( ))

i f i f

i i

t t t t

i i
t t

s t s t
= =

= =

+∑ ∑  subject to the equations 

https://www.medclinrese.org/


       Volume 10 | Issue 8 | 10https://www.medclinrese.org/Med Clin Res, 2025

governing Model 1. This led to a value of zero (the Utopia solution).   The MNLMPC  control value (D) was 0.5383. Figs 1b- 1f. show 
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filter. Both the original and the modified profiles are shown together. 
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individually and led to values of 20 and 20.  D1 and D2 were the control parameters.  The multiobjective optimal control problem will 
involve the minimization of subject to the equations governing Model 2. This led to a value of zero (the Utopia solution). The MNLMPC  
control values of  D1 and D2 were  3728 and  0.13962.  Figures 2c- 2i. show the various MNLMPC profiles.  The profiles of s1, s2, and 
D2 exhibited a lot of noise, which was remedied using the Savitzky-Golay filter. Both the original and the modified profiles are shown 
together. 

Discussion
Theorem 
A branch point singularity will occur in a dynamic system if and only if one of the functions in a dynamic system is separable into two 
distinct functions. 

Proof 
The proof consists of two parts. In the first part, the “if” condition will be proved. This will involve demonstrating that the presence of 
two distinct functions in an  ODE set will lead to a branch point bifurcation.  Consider a system of equations 
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 must be singular. Let  

any of the functions (in the set f(y));  fi be  separable into 2 functions 1 2,   as  

 1 2if    (17) 

At steady-state ( ) 0if y  and this will imply that either 1 0   or 2 0   or both 1  and 2   must be 0.  This 

implies that two branches 1 0   and  2 0   will meet at a point where  both 1  and 2   are 0.  

At this point, the corresponding  row in the matrix B   would be  
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This implies that every element in the row [ ]i
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  would be 0, and hence the matrix B would be singular.  The 

singularity in B implies that there exists a branch point.   

 In the second  part, the “ only if” condition will be proved and will involve demonstrating that the presence of a 
branch point requires that one of the functions must be separable into two distinct functions, each of which will be 0 
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A branch point singularity will occur in a dynamic system if and only if one of the functions in a dynamic system is 
separable into two distinct functions.  
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For a branch point, there must exist two tangents at the singularity. Let the two tangents be z and w.  This implies 
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Consider a vector v that is orthogonal to one of the tangents (say z). v can be expressed as a linear combination of z 
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Any  vector orthogonal to the tangent is the gradient of a function in the dynamic system ( )dx f y
dt

  . Hence, v  
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For a branch point, there must exist two tangents at the singularity. Let the two tangents be z and w.  This implies that

Consider a vector v that is orthogonal to one of the tangents (say z). v can be expressed as a linear combination of z and w ( v z wα β= +
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at the branch point.  For a branch point (BP) the matrix 
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Since k ky b  this would imply that 0jg     

and 

Since k ky b=  this would imply that 0jg =

Hence 0jf =  would imply that at a branch point, it can be split into two equationsHence   0jf   would imply that at a branch point, it can be split into two equations 

 
( ) 0

0j

y b
g
 


  (26) 

This completes the proof. 

In the anaerobic digest  model 1, 2  branch point was located at values of (x1, x2, s1, s2, D) values of   (0; 0, 2.5; 52 ; 
0.625) and (0; 0; 2.5; 52; 1.071232). At these points, all the variables are the same except the values of D. The two  
different values of D are 0.625 and 1.071232.   
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In the anaerobic digest  model 1, 2  branch point was located at values of (x1, x2, s1, s2, D) values of   (0; 0, 2.5; 52 ; 0.625) and (0; 0; 
2.5; 52; 1.071232). At these points, all the variables are the same except the values of D. The two  different values of D are 0.625 and 
1.071232.  

The  first ODE  in  the anaerobic digest  model 1 that will be considered is  	

Here,  the two distinct equations are 

With x1=0; s1=2.5; 1,maxµ  =1.2;ks1=7.1; 0.5;α =  D=0.625 and using the formula

We get both  1 1( ( )) 0; 0D xµ α− = =  the distinct equations are satisfied, validating the theorem. 

The  second  ODE  in  the anaerobic digest  model 1 that will be considered is  	

Here,  the two distinct equations are

With x2 =0; s2=52; 2,maxµ  =0.74;ks2=9.28;ki=16 0.5;α =  D=1.071232 and using the formula
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We get both 2 2( ( )) 0; 0D xµ α− = =  the distinct equations are satisfied, validating the theorem.

In the anaerobic digest  model 2 with D1 as bifurcation parameter, a branch point was located at values of  (s0;s1;x1;pr1;but1;ac1;xpr; 
pr2;xbut;but2;xac;ac2,D1) values of  (29.999857; 0.000143;  0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0.00002).  The two distinct equations can be 
obtained from the first ODE  in  the anaerobic digest  model 2  	

 1
1 1( 1)dx x D

dt
    (33) 

Here,  the two distinct equations are  
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0
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With x1=0; s1=0.000143;ks1=3.914; 1,max  =0.568; D1=2.0e-05; and using the formula  
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
  (35) 

we get 1 1 2. 05D e     both the distinct equations are satisfied, validating the theorem.  

In the anaerobic digest  model 2 with D2 as bifurcation parameter, three  branch points were found  at 
(s0;s1;x1;pr1;but1;ac1;xpr; pr2;xbut;but2;xac;ac2,D1) values of (2.650984; 2.127174; 2.817747; 0.670892; 
1.341784;  2.561589;  0; 0.670892; 0; 1.341784 0;2.561589;  0.019050 ); (2.650984; 2.127174; 2.817747; 0.670892; 
1.341784; 2.561589; 0;0.670892; 0; 1.341784; 0;2.561589 0.037653); and  (2.650984; 2.127174; 2.817747; 
0.670892; 1.341784; 2.561589; 0; 0.670892; 0; 1.341784; 0; 2.561589 0.042957); 

At these points, all the variables are the same except the values of D2. The three different values of D2 are 
0.019050, 0.037653, and 0.042957.   

The first  differential equation that will be considered is  
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and  

 0xac    (38) 

Since  

 ,max
2( )

2ac ac
ac

ksac ac
 


  (39) 

with ac2=2.561589 and ,max 0.025;ac   and,   ksac=0.8; we get the value of ac   0.019050,  which is the same 
as the first  D2 value satisfying both the distinct equations validating the theorem.  The second  differential equation 
that will be considered is  
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Since 
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as the first  D2 value satisfying both the distinct equations validating the theorem.  The second  differential equation 
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with pr2=0.670892 and ,max 0.05;pr   and,   kspr=0.22; we get the value of pr   0.037653, which is the same 
as the second D2 value satisfying both the distinct equations validating the theorem.  The third differential equation 
that will be considered is  
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d xbut xbut D

dt
    (44) 

The two distinct equations that can be obtained from this ODE are  

 ( 2) 0but D     (45) 

and  

 0xbut    (46) 

Since  

 ,max
2( )

2but but
but

ksbut but
 


  (47) 

with but2=1.341784 and ,max 0.05;but   and,   ksbut=0.22; we get the value of but    0.042957, which is the 
same as the third  D2 value satisfying both the distinct equations validating the theorem. The MNLMPC calculations 
in both models converge to the Utopia solution, justifying the analysis of Sridhar [21].  

Conclusion 

Bifurcation analysis and multiobjective nonlinear control (MNLMPC) studies in two anaerobic digestion models. 
The bifurcation analysis revealed the existence and branch points in both models. The branch points   (which cause 
multiple steady-state solutions from a singular point)  are very beneficial because they enable the Multiobjective 
nonlinear model predictive control calculations to converge to the Utopia point ( the best possible solution) in the 
models.  It is proved (with computational validation) that the branch points were caused because of the existence of 
two distinct separable functions in one of the equations in each dynamic model. A theorem was developed to 
demonstrate this fact for any dynamic model.  A combination of bifurcation analysis and Multiobjective Nonlinear 
Model Predictive Control(MNLMPC)  for dynamic models involving anaerobic digestion is the main contribution of 
this paper.  
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